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Attempt Questions 1 - 6

All questions are NOT of equal
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or badly arranged work.
» Start eachtNEW question on a separat
answer sheet.
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Total marks — 57
Attempt Questions 1 - 6
All questions are NOT of equal value

Start each question on a SEPARATE answer sheet.

Question 1 (9 marks)

1
(@) Evaluatef i leaving your answer in the exact form.
0 2x+1
(b) Using the substitution = 4 - x?, evaluatej — dx
4-x
() Let f(x)=4(e*+e™) and F (x) =3(e* &™)

Prove thaf f (x)+F(x)]" = f (nx) + F (nx)

1 X

dx

(d) Evaluatej -
e +1

Marks



Questionz (10 Marks)  Start a NEW answer sheet. Marks

(a) Solve € =5, leaving your answer correct to 3 decimal places 1
(b) Find a primitive of 3 2
P 1+ x°
(c) Find i(3.x|og X) 2
dx ¢
3
(d) Evaluatej 3% dx 5
0
e 1+| 2
(e) Using the substitutiom =log, X, evaluatej M dx 3
X
1



Question ¢ (10 Marks)  Start a NEW answer sheet. Marks

@ (@ Showthat\/5X+3i/5X_2=x/5x+3+x/5x—2 2

. . dx
i Hence find 2
() J JBx+3-+/5x - 2
: d
(b) () Show thatd—(xln X=X) =Inx. 1
X
(i)  Hence, or otherwise, fin{ In xdx . 2
(i)  The graph below shows the curye= In x* (x > 0) which meets the line= 5 3

atQ.

Using your answers above, or otherwise, find tiea &f the shaded region.




Question ¢ (9 Marks) Start a NEW answer sheet. Marks

@) Find f XX*;l dx 2

(b) The following graph shows the gradient functigr f'(x). 3
The graph shows that'(1) = f'(-1) = 0.
Sketch the graph of = f (x), given thatf’'(x) is continuous everywhere
except ak = 2 and thatf (0) =1 and f (-1) =-2

y
4,,
2,,
4 2 2 4 6
X
-2+
-4+
(c) The shaded region below is that boundedyby% , the coordinate axes and 4
X

the linesx=e andy=e.
Find the volume when the shaded region is rotabediiethey-axis, correct to
2 significant figure=




Question ¢t

(10 Marks)  Start a NEW answer sheet.

Consider the functiory = In_x
X

(@)

(b)

(©)

(d)

(€)

(f)

What is the domain of this function?

Show thati(In Xj = _(In X_lj

dx | X NG

Describe the behaviour of the functiorkas
M approaches zero.
(i)  increases indefinitely

Find any stationary points and determine thature.

Sketch the curve of this function.

Hence find the value(s) &ffor which € = x has no solutions.

Marks



Question ¢

(@)

(b)

© @

(ii)

(9 Marks) Start a NEW answer sheet.

Use mathematical induction to show that thiedong statement is true

n®+2n is a multiple of 12

wheren is an_everpositive integer

By use of an appropriate diagram and reasswadyate the following sum.

Do NOT evaluate any primitive functions.

1 e
J exdx+J In x dx
0 1

Showl— 1 1

u u+1=u(u+1)

dx
1+¢*

Using the substitutiox =Inu, find f

End of paper

Marks
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STANDARD INTEGRALS

.
1 .
x"dx = " pz-1, x#0,ifn<0
J n+l
(1
—dx =lnx, x>0
J X
( 1
e™ dx =—e%*, a#0
J a
[ 1
cosaxdx =—sinax, a#0
J a
( 1
sinaxdx =——cosax, a#0
J a
r 2 1
sec“ax dx =—tanax, a#0 .
J a
( 1
secax tanaxdx =-—secax, a#0
J a
1 1 -1X
———dx =—tan —, a#0
J-a +x2 a a’
1 .1 X
—_—dx =sin 1—, a>0, —a<x<a
a? - x* a

J‘;dx =ln(x+\/x2—az), x>a>0
N )

1 _ JiZ 1 22
Jﬁ-dx -1n(x+ X" +a )

NOTE: Inx=log,x, x>0
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Question 1

1
@ Evauate J_ i leaving your answer in the exact form.
02X+1
todx lJ‘l 2dx _, 1
=1 =1/ In|2x +
02x+1 2Jo2x+1 tInf2x+1,
=4(In3-1n1)
=1In3
(b) Using the substitution u=4—x2,evaluatej \/X_zdx
4-X

u=4-x*= du=-2xdx

X -2X du _1
| o] et el e
1

=-u?+c=—V4-x* +cC

() Let f (X) =%(ex+e—x) and F X) =%(ex_e—x)

F(
RHS= (1) +F (1) =3 (e + ) + 36" - )
X

1 X

(d) Evaluate f dx

€ +1

Ll e dx:[ln(ex +1)ll) =In(e+1)-In(2) = |n(%1j

e€+1



Question 2

@ Solve e* =5, leaving your answer correct to 3 decimal places
€ =5= x=In5=1[609437912...
x =10609 [3dp]

, o 3X
b Fi t f
(b) ind aprimitive 0 it

3X _ 2x _ 2
o O gf T,z x=3in(1+x)

(© Find %(Cﬁxloge X)

i(3x|oge X) = 3xx 1 +3xInx
dx X

=3+3Inx

3

(d) Evaluate J 3 dx

0

3 3
X = 3X —i —_ :é
J 3 dx_{ano_In\?.(s3 30) In3

0

. - ®(1+log, x)*
(e Using the substitution u =1log, x, evaluate —dx
Xx=1=u=In1=0 (1+Iog
x=e=u=Ine=1 L :J 1+log, x)" ==
“Inx= du=X :j (1+u)’
X

:[% (1+u) }




Question 3

. 5 _ —
(@ () Showthat \/5X+3_\/5X_2—\/5x+3+\/5x 2

5

LHS=
J5x+3-/B5x-2

_ 5 x\/5x+3+\/5x—2
Bx+3-/6x-2 ~Bx+3+/5x-2

_5(J5x+3+J5x—2)

- [(5x+3)-(5x-2)]

_5(vBx+3+5x-2)
B 5

=/5x+3++/5x -2
=RHS

(i) Hencefind

J dx
J5x +3-+/Bx-2

dx _ (\/5x+3+\/5x—2)dx
j\/5x+3—\/5x—2_j 5

:%J [(5x+3); + (5x—2);} dx

N w

4] 1x3(5x+9)

:%[(5x+3)§ + (5x—2)2} +C

3

rix3(5x-2)¢

}c



Question 3 continued

. d ~
(b) (i) Show that &(xlnx—x)—lnx.

i(xlnx—x) = xx 2 +1xInx-1
dx X

=1+Inx-1
=Inx

(i) Hence, or otherwise, find J Inx? dx.
J Inx? dx:ZJ Inxdx=2(xInx-x)+C

(iii)  Thegraph below showsthe curve y =Inx* (x > 0) which meetsthelinex =5

a Q.
Using your answers above, or otherwise, find the area of the shaded region.
y
4 /
i Q
2,,
2 O S 2 4 R 6 X
2t
-4+
-6
-8

P has coordinates (0, In25)
5

arearectangle OPQR - J In x*dx

1

Therequired area

5><In25—[2(x|nx—x):|i3
=5In25-2[ (5In5-5) - (In1-1) ]
=5In25-10In5+10-2
=5In25-5In25+8

=8u?



Question 4

@ Find f thldx
[ (3o (e
X X X X
=In|x-x"+C
:In|x|—£+C
X
(b) The following graph shows the gradient function y = f (x) .

The graph showsthat f'(1) = f'(-1) =0.
Sketch the graph of y = f (x), giventhat f'(x) iscontinuous everywhere
exceptat x=2andthat f(0)=1and f(-1)=-2

A possible solution:




Question 4 continued

(©

The shaded region below is that bounded by y = % , the coordinate axes and
X

thelines x=e and y=e.
Find the volume when the shaded region is rotated about the y-axis, correct to
2 significant figures.

The volume V isthe sum of two volumes 'V, and V,.
V, isthe volume formed by rotating the curve y = L from y= 1 toy=e
Jx Je

about the y-axis. y:%: Xz%j X2 =%: y™
X

V, isthe cylinder formed by rotating the line x = e about the y-axis.

It has radius e and height i.
e

1
V, = mx€° x—

Je

V, = ﬂji x> dy = ﬂji y™ dy
Je Je 5
2

:n[—%y_s]e :g[_%} -




Question 5

@

(b)

(©

(d)

(€

(f)

Consider the function y = Inx
X

What is the domain of this function? x>0

Show that i(lnxj:_(lnx—lj

dx | x NG

xxl—lnxﬂ
d(Inx)_"" _1-Inx _ (Inx-1

X X X X
Describe the behaviour of the function as x
() approaches zero. y - —00
(i)  increasesindefinitely y -0

Find any stationary points and determine their nature.
y=0=Inx-1=0=Inx=1

Ox=e= (e, Ej is the stationary point
e

X 2 e 3 | Only needto check (1-Inx) as x*>0.

y 03 0 | 0 |so (e, e’l) is amaximum turning point.

Sketch the curve of this function.

-0.5+

Hence find the value(s) of k for which € = x has no solutions.
€ =x=kx=Inx
Ok = ln_X
X
So the solutionsto €* = x are found by intersecting the line y =k with

_Inx

X

So there will be no solutions when k >l.
e



Question 6

@

(b)

Use mathematical induction to show that the following statement is true

n®+2n isamultiple of 12
where n is an even positive integer
Testn=2
2°+2x2=12
Clearly n=2istrue.

Assumetrueforn=2k i.e. (2k)’+2(2k)=12N, NOZ
08k®+4k =12N .

NTPtruefor n=2k+2 i.e. (2k+2)°+2(2k +2)=12M, M 0Z
(2k+2)° +2(2k +2) =8(k +1)° + 4(k +1)
=8(K®+3K* + 3k +1) +4k +4
=(8k3+4k)+24k2 +24k +12
=12(N +2k? + 2k +1)
=12M [ N+2K? +2k+107
So the statement istruefor n =2k +2 provided it istruefor n =2k ..

So by the principle of mathematical induction it istrue for all positive even
integers.

By use of an appropriate diagram and reasons, evaluate the following sum.
Do NOT evaluate any primitive functions.

1 e
J exdx+J Inx dx
0 1

y

by I 5 X
By symmetry the integral Lel nx dx producesthe same area asthat of e*

next tothey-axisfor 1< y<e.

1 e
SOJ exdx+J Inx dx isthe area of the rectangle with dimensions 1x e
0 1

1 e
DJ exdx+J Inxdx=e
0 1



Question 6 continued

. 1 1 1
© 0 ShOWG_u+1_u(u+1)

1 1 _u+tl-u_ 1
u u+l u(u+l) u(u+l)

dx

(i)  Using the substitution x =Inu, find J

:Inu:dx:% f = xdx:J( jdu
u 1+e¢ ) 1+¢ 1+u

=lnu=u=¢ :J{ﬁ}zj(é_uiﬂjdu

=Inu-In(u+1)+C

:|n(1fxexJ+c [=x-In(1+€)+C]

End of Solutions

-10-



